We characterize the nonlinear optical response of low loss Si 0.6 Ge 0.4 / Si waveguides in the mid-infrared between 3.3 μm and 4 μm using femtosecond optical pulses. We estimate the three and four-photon absorption coefficients as well as the Kerr nonlinear refractive index from the experimental measurements. The effect of multiphoton absorption on the optical nonlinear Kerr response is evaluated and the nonlinear figure of merit estimated providing some guidelines for designing nonlinear optical devices in the mid-IR. Finally, we compare the impact of free-carrier absorption at mid-infrared wavelengths versus near-infrared wavelengths for these ultra-short pulses. 
Introduction
The mid-infrared (mid-IR) region of the spectrum, at wavelengths between 3 μm and 20 μm, is currently gaining formidable momentum since it is particularly rich in applications that can potentially impact many important aspects of our everyday life such as chemical and biological sensing, active imaging, tissue ablation, secure free-space communication, multiwavelength light sources, and many others [1, 2] . Molecular sensing devices with unprecedented sensitivity, exploiting the strong fundamental rotational-vibrational absorption lines that many molecules exhibit in the mid-IR [3] , are currently being developed and are in the process of commercialisation [4, 5] . However, despite the tremendous recent progress in miniaturisation, reduced power consumption, and increased tunability of detection and spectroscopy platforms developed thus far for the mid-IR [6, 7] , current technologies are still primarily based on stand-alone single frequency laser sources that operate in relatively narrow spectral regions. This limits the number of different molecules that can be detected with a single system. An appealing approach that has been suggested by the silicon photonics community is to create mid-IR CMOS compatible integrated photonic platforms [1, 2] that are capable of yielding broadband optical sources via nonlinear effects such as supercontinuum, frequency combs, and others [8] [9] [10] [11] [12] [13] [14] . More generally, the mid-IR has been predicted to be a promising wavelength range for nonlinear devices based on group IV materials (like Si, Ge and Si-Ge). In particular, the nonlinear loss associated with two photon absorption (TPA) that limits device performance in all of these materials at telecom wavelengths [15] [16] [17] vanishes at longer wavelengths. This potentially could open the door to realizing photonic devices with new capabilities such as, super continuum [8] [9] [10] , wide bandwidth frequency combs [11, 12] and parametric waveguide amplifiers with positive net gain [13, 14] . However, apart from one report of nonlinear optics out to 6 μm in the silicon on sapphire (SOS) platform [9] , Si has hardly been investigated beyond the short-wavelength infrared (SWIR), limited to 3 μm, due to both absorption in the cladding material (i.e. silica in the case of the silicon on insulator (SOI)) and the impact of higher order (3 and 4) photon absorption and the ensuing free carrier absorption [18, 19] .
For mid-IR applications, Si-Ge alloys on Si are an emerging attractive alternative platform to SOI [1, 20] . The wide transparency window of this material as well as significant progress on deposition and fabrication techniques have enabled some very promising results in both linear [21, 22] and nonlinear performance [10, [22] [23] [24] in the last year alone. Ridge waveguides in Si 0.6 Ge 0.4 /Si with a graded refractive index distribution in the core that were designed for low loss operation over the entire 3 μm to 8 μm wavelength region have been reported [21] . The scattering loss could be minimized because of the use of a graded index structure (which also limits potential misfit dislocations between the cladding Si and core Si-Ge) and this resulted in linear propagation losses as low as 1 dB/cm at λ = 4.5 μm and 2 dB/cm at λ = 7.4 μm. Further, step index Si 0.6 Ge 0.4 /Si waveguides, with typical cross sections of 1.4 × 2 µm 2 , were shown in [22] to be a viable platform with propagation losses at λ = 4.75 μm of around 0.5 dB/cm due in part to the very low density of core/cladding interface defects. Very recently, demonstrations of four wave mixing in Si-Ge have been shown in the near-IR [23] and in the SWIR out to a wavelength of 2.6 µm [24] . Further, the first demonstration of supercontinuum generation between 1.5 μm and 2.8 μm in Si-Ge has been achieved [10] . In early 2015, the first experimental investigation of the nonlinear optical response of step index Si-Ge/Si waveguides in the actual mid-IR range (from 3.25 μm up to 4.75 μm) was reported by measuring self-phase modulation (SPM) of picosecond optical pulses [22] . Three and fourphoton absorption coefficients, as well as the Kerr nonlinear refractive index, were found to be of the same order of magnitude as those in crystalline Si.
Here, we report experimental measurements of the nonlinear optical response of step index Si-Ge/Si waveguides in the mid-IR obtained by measuring self-phase modulation (SPM) and the nonlinear transmission of these waveguides at high optical intensities (exceeding 100 GW/cm 2 ) using femtosecond optical pulses at wavelengths between 3.3 μm and 4 μm. In contrast with [22] , where picosecond long pulses were used, the use of femtosecond pulses reduces the impact of free-carriers on the device performance. Furthermore, we investigate several different waveguide geometries and lengths in order to increase the accuracy of our findings. Our results are in agreement with [22] , corroborating our previously estimated values of the nonlinear parameters. Using our results, we evaluate the nonlinear figure of merit (FOM) and we observe an optimum around wavelengths of 4 µm that is due to the decrease of the three-photon absorption coefficient, together with a small four-photon absorption coefficient. We find that this optimum of the FOM also depends on the coupled peak intensity since the three and four-photon absorption scale differently with this parameter. We observe that the impact of free-carriers is significant even though the pulse duration is only a few hundreds of femtoseconds, in contrast with what is usually observed at near-IR wavelengths, and highlights the need to accurately account for free-carrier effects even when using ultra-short optical pulses in the mid-IR. The results presented here significantly expand the parameter space investigated for the nonlinear optical response of this material platform, thus providing an important foundation for designing nonlinear devices for this wavelength range. Finally, in order to illustrate this, we report calculations demonstrating the feasibility of designing efficient mid-IR supercontinuum source based on Si-Ge/Si waveguides.
Device fabrication and experiment
An example of one of the devices under test is shown in Fig. 1 . They consist of step-index ridge waveguides with a Si 0.6 Ge 0.4 core grown on a Si substrate and encapsulated in a Si cladding. Both core and cladding materials are in crystalline form. The refractive index difference between Si and Si 0.6 Ge 0.4 in the wavelength range used in these experiments is about 0.17. This percentage of Ge was chosen because it allowed us to increase the material optical nonlinear response while tempering the lattice mismatch between the Si-Ge core and the Si cladding thus minimizing crystalline stress. This enabled the fabrication of high quality low defects structures necessary for obtaining low loss devices. Two 200 mm Si wafers were processed (fabrication details are given in [22] ); the thickness of the deposited Si 0.6 Ge 0.4 layer was 2.7 µm for the first wafer and 1.4 µm for the second. Waveguides were fabricated in order to measure the nonlinear optical response of Si 0.6 Ge 0.4 , and had a cross-section of 3 × 2.7 µm 2 and a length of 3 cm for the first wafer (waveguide 1) and a cross-section of 2 × 1.4 µm 2 and a length of 6 cm on the second wafer (waveguide 2). The mode properties, such as dispersion and mode effective area, were calculated from finite element method simulations (FEMSIM), and are shown in Table 1 . The calculations were performed by including the material dispersion of Si [15] and Si 0.6 Ge 0.4 (measured at CEA-LETI) in the wavelength range used in our experiments. The effective mode area [25] was around 7 µm 2 for both waveguides. The waveguide dispersion was not engineered and thus the group velocity dispersion (GVD) was normal for both waveguides with a β 2 parameter between + 0.96 ps 2 /m and + 1.5 ps 2 /m in the wavelength range of the experiment. Hence, for a 320 fs long optical pulse, the dispersion length was between 1.9 cm and 1.2 cm, which is shorter than the waveguides used in these experiments.
Si
The transmission measurements were performed using a tunable optical parametric amplifier (OPA) that emitted near transform-limited Gaussian pulses with a full-width at half maximum (FWHM) duration of 320 fs at 21 MHz repetition rate and at wavelengths between 3 µm and 4 µm. The setup was otherwise similar to that used in [22] . The transmitted power was measured with a PbSe detector combined with lock-in detection [26] . The transmitted spectrum was measured with a Newport Cornerstone 260 1/4m monochromator with a 150 l/mm grating.
Results
The nonlinear optical response of the Si-Ge/Si waveguides was analyzed from nonlinear transmission and SPM measurements, with increasing input peak powers using femtosecond optical pulses at 3.3 µm and 3.75 µm for waveguide 1 and at 4 µm for waveguide 2. A selection of the measured output spectra are shown in Figs. 2(a), 2(c), and 2(e) and the complete set of measurements on the 2D maps of Figs. 2(b), 2(d), and 2(f). The characteristic side lobes of the SPM phenomenon are reduced due to the effects of dispersion, which, as mentioned above, is not negligible for 320 fs long pulses. The broadening exhibited by the measured spectra initially increases rapidly with increasing coupled peak intensity, and then tends to roll-off. This observation is confirmed in Fig. 3 (a), which displays the normalized RMS spectral broadening extracted from the measured spectra as a function of the coupled peak intensity. These curves clearly are a sub-linear function of the coupled peak intensity, which might indicate the presence of nonlinear losses [25] .
Normalized transmitted spectrum as a function of the coupled peak intensity for femtosecond pulses centered at wavelengths of 3.3 μm (a), (b) 3.75 μm (c), (d) and 4 μm (e), (f). Spectra (a), (b), (c) and (d) are measured using waveguide 1 whereas spectrum (e) and (f) is measured using waveguide 2.
In order to obtain the multi-photon absorption coefficients of the Si 0.6 Ge 0.4 /Si waveguides, the average output power was measured as a function of the coupled peak intensity, the results of which are shown in Fig. 3(b) . The measured output power increased almost linearly with the input power at low intensities until it saturated above ~20 GW/cm 2 , clearly confirming the presence of nonlinear losses in the waveguide. The trend observed in Fig. 3(b) is similar to optical limiting arising from TPA in the near-infrared region for using femtosecond pulses [27] . Since the wavelength range of our experiments is significantly longer than the TPA threshold of Si 0.6 Ge 0.4 (i.e. λ th ≈2.45 μm [20]), the nonlinear absorption observed in Fig. 3(b) is necessarily due to higher order multi-photon absorption, such as three-or four-photon absorption [18, 22] . Normalized transmitted power as a function of the coupled peak intensity measured using pulses centered at 3300 nm (downwards green triangles) and 3750 nm (upwards red triangles) from waveguide 1 and at 4000 nm from waveguide 2 (black dots). The two curves at 3750nm and 4000nm have been shifted vertically for clarity.
Analysis and discussion
In order to estimate the N-photon absorption coefficients, the linear relations between 1/T N and the P 0 N , where T is the transmission and P 0 is the coupled peak power, are generally used (e.g [16, 28] .). However, since the effect of dispersion is not negligible in our experiment, this approach could not be applied. Furthermore, the dephasing induced by the Kerr effect and by free-carrier induced dispersion influences the total transmitted power through the waveguide. Therefore, it is necessary to solve the nonlinear Schrödinger equation (NLSE) by including the Kerr effect as well as, three-and four-photon absorption, and free-carrier effects [ 
where A is the slowly varying envelope of the pulse electric field amplitude, β 2 is the secondorder dispersion, β 3 is the third-order dispersion, β 4 is the fourth-order dispersion, α is the linear loss parameter, k 0 is the wavenumber, n 2 is the nonlinear refractive index, α 3PA and α 4PA are the three and four-photon absorption coefficients, A 3eff , A 5eff and A 7eff are the effective mode areas related to the nonlinear phenomena of different orders [22] , σ is the free-carrier absorption parameter, and μ = 2k c k 0 /σ with k c the free-carrier dispersion parameter. The rate equation governing the related free-carrier density, N c , generated by three-and four-photon absorption is given by 
where ħ is the reduced Plank constant, ω is the central angular frequency of the input pulse, and τ c is the free-carrier lifetime. Since the range of values for τ c reported for integrated waveguides is much longer than our pulse duration and shorter than the time period between two subsequent pulses, the last term on the right hand side of Eq. (2) was neglected [15] . As a starting point, the values for the free-carrier absorption and dispersion parameters of silicon were used and the scaling rules for the wavelength used in [18, 22] were applied giving σ(λ) = , where λ is the wavelength (in μm).
The NLSE in Eq. (1) was solved numerically using the Split-Step Fourier Method. In order to estimate the N-photon absorption coefficient α NPA and the nonlinear refractive index n 2 for a given wavelength, an iterative method was adopted. In the first step, α NPA was estimated by fitting the experimental transmission in Fig. 3(b) using Eqs. (1) and (2) . In this first iteration, the n 2 value used was taken from [22] . In the second step, the value of α NPA from the previous step was used to estimate n 2 by numerically reproducing the SPM spectra shown in Fig. 2 . At this point, if the new estimated n 2 was different from the one that was used in the first step, then α NPA was estimated again by using the latest value of n 2 . The two steps were repeated until the values of α NPA and n 2 converged. As it can be seen from Fig.  4(a) , good agreement was found between the simulations and experiments for the normalized nonlinear transmission (defined as T NL = P out /[P in × exp(-αL)], where P out and P in are the output and input peak powers, and L is the waveguide length) as a function of the coupled peak intensity. An example of the transmission spectra calculated using Eqs. (1) and (2) is shown in Fig. 4 (b) and 4(c). The waveguide used for the calculation was waveguide 2 and the input pulse was centered at 4 µm. As it can be seen in Fig. 4(c) , these results reproduced the measurements shown in Fig. 2(e) relatively well. Good agreement between the simulations and experiments was also found for the normalized RMS spectral broadening extracted from the spectra of the transmitted pulse (see Fig. 4(d) ). These results reproduced the measurements shown in Fig. 2(e) relatively well. (Fig.  3(a) ) is compared.
The three-and four-photon absorption coefficients thus estimated are shown in Fig. 5 . These values are compared to the ones reported in [22] for similar waveguides probed in the same wavelength range, but using longer, picosecond, pulses. They agree relatively well, considering the error bars. In Fig. 6 the nonlinear refractive index n 2 as a function of wavelength estimated in the experiment is also shown against the results reported in [22] and tends to be slightly higher. We note that in all these experiments, we measure the effective nonlinear parameters for the Si 0.6 Ge 0.4 /Si waveguides, so that the extracted nonlinear parameters are, strictly speaking, averaged over the waveguide core/cladding geometry rather than being characteristic of the Si 0.6 Ge 0.4 core compound alone. Although the mode is mostly confined to the Si 0.6 Ge 0.4 core, subtle changes to the geometry could partly explain the differences observed in Fig. 5 and 6 since the measured waveguides, both here and in [22] , are somewhat different, and thus having a different distribution of the mode between the Si-Ge core and the Si cladding. Another source of uncertainty in our results is the high sensitivity of the model to different parameters determining the nonlinear response of the waveguide. This increases the error bars of our results as compared to those of [22] . Furthermore, our theoretical model omits some effects that may contribute to the total nonlinear response of the waveguide for femtosecond pulses, such as intra-pulse Raman scattering or self-steepening [25] . Nevertheless, the nonlinear parameters estimated here are close to those estimated in [22] , supporting the reliability of the measurements and of our results. 
Nonlinear figure of merit
The coefficients reported in Fig. 5 and 6 can be used to infer whether there is a favorable operating wavelength range for nonlinear devices implemented in the Si-Ge platform for the mid-IR. For this purpose, the nonlinear figure of merit (FOM) for three (FOM 3PA = n 2 /α 3PA λI 0 ) and four (FOM 4PA = n 2 /α 4PA λI 0 2 ) photon absorption for both the picosecond and femtosecond measurements was evaluated as a function of wavelength in Fig. 7 (a) using a coupled peak intensity I 0 of 10 GW/cm 2 . Whenever, at the same wavelength, both three and four-photon absorption is present, only the dominant effect was considered (e.g. at λ = 4.16 µm the fourphoton absorption becomes larger than the three-photon absorption when I 0 is larger than 3.6 GW/cm 2 ). The FOM thus evaluated varies considerably (between 0.5 to 4) in the probed wavelength range with larger values around λ = 4 µm. Indeed, at wavelengths close to this value, the three-photon absorption coefficient decreases because the photon energy becomes too small to allow this phenomenon, while the photon energy is almost not enough for the four-photon absorption transition.
Since the FOMs defined above vary with the coupled peak intensity, the maximum FOM as a function of the maximum nonlinear phase shift ΔΦ achieved after propagation in a waveguide with a an effective length L eff , defined as in [25] , of 1cm and neglecting multiphoton absorption (i.e. ΔΦ = γP 0 L eff , where P 0 is the coupled peak power of the pulse) is shown in Fig. 7(b) . We note that by adopting this definition, the nonlinear phase shift ΔΦ is actually larger than the one that would be obtained in an experiment using the same coupled peak intensity. Furthermore, we can also observe that since the propagation loss is small and comparable at all the wavelengths used in the experiment and, in the two different waveguides, the effective length of 1 cm considered here corresponds to a physical waveguide length of 1 cm for all the analysed combinations of wavelength and waveguide. It can be seen that the optimum FOM is obtained at different wavelengths, depending on the nonlinear phase shift which in turn depends on the coupled peak intensity. For nonlinear phase shift smaller than 5π, the highest FOM is obtained at λ = 4 µm whereas the highest FOM is obtained at λ = 3.75 µm for larger ΔΦ. The multiphoton absorption as a function of the nonlinear phase shift is shown in Fig. 7(c) . This gives an overestimate of the total nonlinear absorption over the waveguide length, since the power decreases upon propagation thus decreasing the multiphoton absorption. The trend observed in this graph supports the variation of the FOM as a function of both wavelength and ΔΦ observed in Fig. 7(b) . For a nonlinear phase shift smaller than 5π, the multiphoton absorption is smaller at λ = 4 µm than at λ = 3.75 µm whereas the opposite holds for ΔΦ>5π. This behavior can be explained by considering the relative strength of the three and four photon absorption as a function of I 0 , which in turn explains the different trends of the curves shown in Figs. 7(b) and 7(c). Since from Eq. (1) the three-photon absorption increases in proportion to I 0 2 and the four-photon absorption increases in proportion to I 0 3 , the four-photon absorption (at λ = 4 µm) can be lower than the three-photon absorption (at λ = 3.75 µm) at low coupled peak intensities, while the reverse situation can be achieved at high coupled peak intensities. Clearly, the analysis presented above is a simplified vision of the impact that nonlinear losses would have on the nonlinear optical response of a device because the free-carrier absorption has been neglected. While free-carrier effects tend to be neglected when using femtosecond pulses in the telecom band, the question is whether or not this is still valid in the mid-IR. In fact, as already pointed out in [18] , the FCA increases with the square of the wavelength, thus becoming larger at longer wavelengths. To highlight this point, the ratio between FCA and three-photon absorption (responsible for the free carrier generation in this case) has been calculated. This is given by 0 0 5
where n is the Si-Ge refractive index, σ(λ) = 1.45 × 10 −21 × (λ/1.55) 2 m 2 , n 0 is the effective index of the mode and E p is the energy of a Gaussian pulse ( 0 0 p E PT π = where P 0 is the peak power of the pulse and T 0 is the 1/e pulse duration). From Eq. (3) it can be noted that r does not depend on the three-photon absorption coefficient, but rather, at a fixed wavelength, it depends on the pulse fluence given by E p /A eff . This is similar to the ratio between TPA and FCA whenever free carriers are generated by TPA [29] . The value of r is plotted as a function of the pulse fluence in Fig. 8(a) . As it can be seen, the slope increases for longer wavelengths. For example, at the wavelength of 3.3 µm, the effect of FCA becomes dominant over that of three-photon absorption for pulse fluences above 5 mJ/cm 2 . This is five times smaller than the threshold between TPA and FCA calculated at 1.55 µm in [29] . In fact, r is roughly proportional to λ 3 since σ is proportional to λ 2 and ω 0 = 2πc/λ and thus it is expected to increase rapidly with the wavelength. Evidence of the non-negligible impact of FCA in the mid-IR is also found in our simulations. Figure 8(b) shows the normalized transmission as a function of the coupled peak intensity for a 320 fs pulse centered at 3.3 µm. It can be seen that FCA has a non-negligible effect even when using femtosecond pulses and that three-photon absorption alone would not be sufficient to account for the experimental results. This behavior is substantially different from the one observed for femtosecond long optical pulses centered at near-IR wavelengths in Si [27, 29] (where FCA has a negligible effect) and it suggests that, when analyzing the optical nonlinear response of devices in the mid-IR, the effects of free-carriers can create an additional penalty that should be carefully modeled and taken into account.
Potential application: Mid-IR supercontinuum
As an illustration of the potential of this material platform, this section is aiming at demonstrating the feasibility of designing efficient mid-IR supercontinuum source based on Si-Ge/Si waveguides and careful dispersion engineering of these waveguides. Figure 9 shows the simulated spectra at various peak intensities for a dispersion engineered waveguide with a cross section of 4 × 2.7 µm 2 and a 500 nm Si top cladding. This is sufficient to get a GVD that is slightly anomalous at wavelengths between 3.8 µm and 6.5 µm (see GVD in Fig. 9(a) ). The pump used in these simulations is a 320 fs long pulse centred at 4 µm, corresponding to the wavelength with the highest FOM attainable with this material (see our analysis performed in section V), using pulses with a peak intensity up to 10 GW/cm For the simulations, we used Eq. (1) in which we added the third and fourth-order dispersion terms (β 3 , β 4 ). We considered a 6 cm long waveguide with propagation losses of 1 dB/cm and experimental nonlinear values collected and presented in this paper for Si 0.6 Ge 0.4 /Si step index core waveguide. The calculated transmitted spectra are shown in Fig.  9(b) . We can observe that at low peak intensity the spectral broadening is characteristic of SPM. As the power increases a −30 dB witdh supercontinuum spanning the entire 2.5 to 6 µm range (i.e. more than an octave spanning) is generated. These calculations clearly show that multiphoton absorption and the effects of the photo-generated free-carrier in the mid-IR using Si-Ge/Si waveguides will not preclude applications for which a strong nonlinear response is required such as supercontinuum generation.
Conclusion
We report measurements of the nonlinear optical response of low-loss Si 0.6 Ge 0.4 /Si waveguides in the mid-IR between 3.3 µm and 4 µm using femtosecond long pulses. In this wavelength range, nonlinear losses due to multi-photon absorption and the associated generation of free-carriers were observed at high peak intensities. We estimate the three-and four-photon absorption coefficients together with the nonlinear refractive index of Si 0.6 Ge 0.4 /Si waveguides, which are found to be comparable to previous work [22] on the same material but with different waveguide length and geometries, and with longer optical pulses. Therefore, this work corroborates the previous measurements and thus provides some guidelines for future nonlinear device work. Using the estimated coefficients, the nonlinear FOM of Si 0.6 Ge 0.4 /Si waveguides in the mid-IR is evaluated. An optimum FOM is observed around 4 µm due to the decrease of the three-photon absorption coefficient, together with a small four-photon absorption coefficient. We find that this optimum of the FOM also depends on the coupled peak intensity since the three and four-photon absorption scales differently with this parameter. Furthermore, we observe that the impact of free-carriers is significant even though the pulse duration is only a few hundreds of femtoseconds. This is in contrast with what is usually observed at near-IR wavelengths, and highlights the need to accurately account for free-carrier effects even when using ultra-short optical pulses in the mid-IR. These results, together with [22] , represent the first experimental characterization of the nonlinear optical response of Si 0.6 Ge 0.4 /Si waveguides in the mid-IR. This work provides useful groundwork for the design of photonic devices such as supercontinuum sources based on this material platform and will go a long way towards the understanding of the optical nonlinear response of this material system in the mid-IR wavelength range.
